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1 (Sem~-4) MAT 2
2025 “

MATHEMATICS
Papér : MAT0400204
(Complex Analysis) -

~ Full Marks : 45 |

‘Time : Two hours

The figures in the margin indicate
. full marks for the questions.

Answer either in English or in Assamese.

1. Answer the following as directed : 1x5=5
ROt e ool RN Ted it ¢

(i) Sketch the set | Imz>1.
Imz>1 TREM0m! T T4 |

(ii). Describe the domain of the function
: |

z2 417

Wﬂﬁwﬁz’m

‘7?41
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(.iii)‘ Write the function f(z}=z3+z+1 in
the form f(z)=u(x,y)+iv(x,y).
f(z)=2°+2z+1 ?FEF‘TCTJT
f(z)=u(x,y)+iv(x,y) Wfﬁ?ﬂl

(iv) Show that
ved (@

. 4z
lim
== (z-1)

7 =4,

(v) Define entire functions.

R DIRCS RN (Entire) T Healis
4 | |

2. Answer any five of the following questions :

| - 2x5=10

(i) What do you mean by the accumulation
point of a set? Determine the
accumulation point of the set

z,=1"(n=12,.).

<51 efeq MR I B o 2
z, =1"(n'=1,2,..) (BB iy Refy 1|
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(i) Show that if a function f(z) is
continuous and non-zero at a point z,

then f(z)#0 throughout some
neighbourhood of that point.

e @ 1M f’(z) T 2, e Sz
| W S 2R (S0 (313 T (IRl @bt p3aTe
[ f(z)#01

(i) Show that the function f(z) z? is
entlre

ST @ f(z)=2® TG T SETS
W‘ﬂ% (Entire) 2F - '

iv) Using Cauchy-Riemann equations
determine where f'(z) exists, when

flz)=1/z.

Cauchy-Riemann ANFI IR IR

flz)=1/z TA 9 f(z) T AE GRO!
Wefa =t

T W T T T T e —

(u) Find z such that e® =1+ 3i.
z Taifa Thieql Aite e = 1+V3i w1
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functlon

_get+e” is entire.

mﬂ\?ﬁTCﬂf(z) 22° -
T jﬁr CIORRINEE (Ent1re) 241

(vii) Show that

sinz = sinxcoshy +1coSX sinhy where

z=XxX+1Y.

wyedl @ Sinz= sinxcoshy +icosxsinhy

6 z=x+1Y |

(viii) Evaluate the integral I e "dt, (Rez >0).

J' e “dt, (Rez>0)@wmamﬁcﬁwl y

(ix) Evaluate the contour integral f frocd
| | ¢ 5

where C is the top half of the circle
Izlfl from z=1 to z=-1

C tour e
i o fc‘“ﬁ‘&rmﬁcfﬂww C

?"cs
z=1 494 _
| SR Z=-1 T I8 | z|=13




(x) Show that

medl @
I‘zg+4d25§£
ez -1 7

3. Answer any four of the following
questions: 5x4=20

ok fJrHicar bif<bt ek Tesk [wd ¢

(i) Suppose that f(z)=u(x,y)+iv(x,y)
where z=x+1iy and

Z, = Xy +1Y,, W, = Uy +1U,. Then prove

‘that Um f(z)=w, if

S lim u(x,y)=4Y, and

(x;y)—’(xo nyO‘)

im v(x,y)=v,.
(x,4y)-(x0,Y0)

4@ A @ f(z)=u(x,y)+iv(x,y) TS

Cz=x+1y W 2, =X, + 1Yy, Wy = Uy + 10, |

el T @ lim f(z)= w3

im  u(x,y)=1u, g
(x,y)(x5.,Y0)

lim v(x,y)=v
(’C:y}-’("o'yo) ( ,y) 0 l
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dw ,_

(u) Suppose f(y) . Examine where —— dz'

exists.

e ,
(R @I @ fp)=21 G g A9

4

(i) Suppose that f(z)=u(x,y)+iv(x,y) |
and its conjugate
flz)= u(x,y)—iv(x,y) ‘are analytic In
a domain D. Then show that f(z) must
be constant throughout D.

R A f(z)=u(xy)+iv(xy) O
29 )M flz)=u(x,y)-iv(x,y)
domain DS ﬁ(’ﬁff“ﬁ??ﬁ 2| e (@
f(z),D S & T ’ -

(iv) Show that if f(z)=0 everywhere in a
dorr_1ain D then f(z) must be constant

throughout D.

wﬁamdomaln DI IS f(2) = 0 o,
el f(z),D S &3 33|
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(v) What do you mean by harmonic

functions ? Show that if a function
f(z)=u(x,y)+iv(x,y) is analytic in a
domain D then its component functions
w and v are harmonic in D.

Harmonic W 3 & geme mgea @
I 9B W f(z) = u(x,y)+iv(x,y) <G5
domain D ® RaelieRs 23, (S0F 2317 4wt
TN u AF v, D'© harmonic 2 | |

(vi) Define complex exponential function
and show that it is entire.
el exponential TEWI A& A oi=E

@A @ T I e Reaeias (Entire)
-@ | . : :

(vii) Show that
@maed @

(1+ i)i = exp(—% +2n}r)exp(i-l—r—12—-2-),n eZ.

(viii) Let C denote the positively oriented
boundary of the square whose sides lie
along the lines x=12 and y=zx2.
Applying the Cauchy’s integral formula

~Z

luat .4 dz

evaluate L e .

: z~-ni/ 2
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{ql 26T cmaefcmwwmwﬁqﬁ‘rﬁm
JEeF W[ FAAT x =42 YIF y = +2 (I9
o Wit | Cauchy’s integral 7@ 2ol 7

-2

e
J‘Cz—m'/Q

dz 3 s Az 41|

4. Answer any one of the following questions:

(N

Bo6FNO139A .

- 10x1=10

‘Suppose that f(z)= U( x,y)+w(x,y)

and that f/(z) exists at a point

Zy =X+, Prove that the first order

.' part1al derivatives of u and v must exist

at’ (xo,y_o )Jand - they must satisfy the
Cauchy-Riemann equations there. Also

show that f(z)=u, +iv, =v, - w,

where partial derivatives are to be
evaluated at (x,,y,).

afd ekl G f(z)=u(xy)+ivi{x,y) N

fi(z), z, = x, +1iy, RGO ARG 37| owief
Sl oy B v 9 YN Y e Wm

(%.y,) © A AT WIE S Cauchy-
 Riemann @ad %e8 SR AR Fore

8 .



yedl (@ fi(zy) =u, +iv, =v, -, TS

s SREeTs A A (x,,Y,) © Bhme
Sial

(ii) Show that if w(t): R>C, a<t<b is a
continuous function then

[wit)at|< [ w(t) | dt.

Suppose Cis a contour of length L and
f is continuous of C. If M is non-

negative constant such that | f(z)|< M,

vz e C at which f{z) is defined the using
the above result show that

‘Lf(z)dz|<ML
am w(t): R—C, a<t<bﬁlﬁﬁ§§ﬂ® ST
“:w(t)dt\s Llw(t)ldt,

4fa w21 C, LTq9™ contour T WS £,C
 wiEfien 27| AW M SENE FE 2 IS
A VzeC d A@ | f(z)|s M | SAT
FelEFe AL FE (RSl (@ |

| \ foftz )dzl < ML .
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(iti) State and prove Llouvﬂles theorem.
Liouville-¥ Goteimrol &2l Srae e =il

fiv)] Suppose that a function f(z}
continuous in a domain D. Show that

the following statements are equivalent:

(a) The integrals of f(z) along contours
lying entirely in D and extending
from any fixed point z, to any fixed

point z, all have the same value.

(b) The integrals of f(z) around closed
contours lying entirely in D all

have value zero.

4z (@@ (7 9Ol Fe f (z) 961 domain D'©
wiafees 291 (Mysdl @ FEfERe [Ryfoagz
Helpel) ¢
(a) F=lcA D@ 4@ e R (%9 [
z, 4 A« faei g [ 209 Rge
. sontour © [ (z) 9 HSE SHEEERI S|
g L

10




3 ) WWQ{ D® 9 9% contour"\‘?'f.(z)
TG AT T
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